Abstract -In this paper, we incorporate decision rules based on adaptive behaviour in order to analyze the impact of customers' decisions on queue formation. We deviate from most of the literature in that we model dynamic queuing systems with deterministic and endogenous arrivals. We apply a one-dimensional cellular automata in order to model the research problem. We describe a self organizing queuing system with local interaction and locally rational customers. They decide which facility to use considering both their expected sojourn time and their uncertainty regarding these expectations. These measures are updated each period applying adaptive expectations and using customers' experience and that of their local neighbours. This paper illustrates how the average sojourn time of customers in the system depends on their characteristics. These characteristics define how risk-averse customers are as well as how conservative they are regarding new information.
I. INTRODUCTION
Queuing systems may be described as a process where customers arrive at a facility for service. Arrivals are the inputs of the process, while the outputs are served customers [1] . This process includes the service and the wait, when servers are not immediately available. Many researchers in Operation Research, Economics, Management and Computer Science have focused on studying problems related to Queuing systems. Queuing problems have been extensively tackled and discussed since Erlang [2] published his work on telephone traffic problem in 1909. However, most research on this subject has been mainly aimed at the optimization of performance measures and the equilibrium analysis of a queuing system. The early works concerning queuing problems were confined to the equilibrium theory [3] and aimed at design, running and performance of facilities.
Traditionally, analytical modelling and simulation have been the approaches used to deal with queuing problems.
The analytical approach describes mathematically the operating characteristics of the system in terms of the performance measures, usually in "steady state" [4] . This method is useful for low-complexity problems whose analytical solutions are not difficult to find. For complex problems, a simulation approach is preferable as it enables modelling the problem in a more realistic way, with fewer simplifying assumptions [4] .
The decision process of the customers has been rarely studied. For instance, the way customers as autonomous agents decide which facility to join for service. In a queuing system, customers react to the congestion in queues and adapt their expectations regarding sojourn time using their previous experiences. Koole and Mandelbaum [5] have suggested the incorporation of human factors as a challenge in order to advance the development of queuing models. The seminal papers on this subject are [6] and [7] . Most of the models in this field are stochastic (e.g. [6] ; [7] ; [8] ; [9] ; [10] ) and their form of feedback is either state-dependent (e.g. [6] ) or steady state (e.g. [8] ). Some authors have included cost allocation as a control for system congestion (queue size) (e.g. [8] ). In this way, customers' decisions on whether or not to join the system are based on such cost. Likewise, those decisions can be based on steady-state analysis (e.g. [8] ) or be state-dependent (e.g. [11] ). The stochastic models are aimed at understanding the impact of variability of the service and arrival processes on the system behaviour. In spite of all these models and research, little emphasis has been placed on the impact of individual choice on queue formation and understanding of the effects of expectations and experiences. Moreover, the existing models do not consider how customers include uncertainty in their perceptions of sojourn time to decide which facility to join.
By studying how customers make decisions in a queuing system, we attempt to understand in a more realistic way the behaviour of the system in contrast to that research which tries to optimize performance measures using analytical methodologies. Our goal is to build a new basis for the analysis of queuing problems by incorporating decision rules based on adaptive behaviour for customers (e.g. [12] ). We ignore exogenous factors, which can influence a customer's decision to seek service, such as: quality of service, added value services and discounts. That is, all facilities work under the same conditions. We deviate from most of the literature in that we model dynamic queuing systems with deterministic and endogenous arrivals. In this way, some assumptions of classical queuing theory are relaxed, in particular that the system reaches a steady-state, that service rates are exogenous and that both service and arrival patterns are stochastic.
Consider a situation where customers routinely require a service and autonomously choose a facility in a multichannel system with one queue for each channel (facility We propose an extension of the model of [12] and [13] . We model a queuing system with endogenous and deterministic arrival rates using an agent-based simulation approach, more precisely a one-dimensional cellular automata [14] . We use this model to explain how customers interact in a multichannel service facility and to study their collective behaviour. We describe a selforganized queuing system with local interaction and locally rational customers who, based on their expectations, decide which facility to use. We apply adaptive expectations [15] to model how customers update their expected sojourn time based on their own experience and that of their local neighbours. We also introduce uncertainty into the process of formation of agents' expectations in order to analyse how a risk-averse attitude may affect collective behaviour. In this way, we differ from [12, 13] since the agents' decision policy in our model considers both the agents expectations and their uncertainty regarding those expectations. In order to model the agents' uncertainty we use the concept of volatility of forecast errors (e.g. [16, 17] ).
A sensitivity analysis of the model allows us to identify different customer types and analyse the performance of the system depending on the customer type. Model simulations indicate that customers with a high level of risk-aversion perform well (i.e. low sojourn times) when they give significant weight to new information to update their memory regarding expected sojourn time. Customers with an intermediate level of risk-aversion experience low sojourn times when they are reluctant to update both their expectations of sojourn time and variance. Finally, risk-neutral customers and those with low risk-aversion achieve their best performance when they update their expected sojourn times slowly.
II. METHODOLOGY
We propose Agent-Based Modelling to study how customers routinely choose a facility for service. We model the service facility system as a queuing system with endogenously determined arrivals and exogenous service rates. The way customers decide which facility to patronize each period is based on adaptive expectations [15] . The model used in this paper was developed by [18] , who adapted the model from [13] by incorporating uncertainty into the information used by customers to decide which facility to join. While [12] and [13] explain in detail the way customers use adaptive expectations to make decisions, [18] describes how uncertainty is considered.
A one-dimensional cellular automata structure [14] is used to represent the interaction among customers and analyze the way they decide which facility to join each period. The cells represent customers and the states cells can take are the facilities between which customers can choice. We assume a population of n customers and m facilities to set up the system. Each customer has exactly two neighbours, one on each side. Each period (t) customers must choose a facility for service. Customers cannot observe queues before they decide which facility to join. However, they use their last experience and that of their neighbours to update their memory regarding the expected sojourn time at each facility using the following equation:
where M ijt and M ijt+1 are the expected sojourn times of customer i for facility j at time t and t+1, respectively, i.e. the past and current expectations of customers. W jt is the new information regarding the sojourn time at facility j, which is the same for all customers patronizing this facility. α is the coefficient of expectations [15] . This new information can be the customer's own experience, or that of his quickest neighbour. For α = 0, no weight is given to the past, which implies that the expected sojourn time equals the most recent sojourn time. A value α = 1 implies no updating of expectations.
Traditional queuing theory considers systems where the arrival rate is less than the service rate, and calculates average sojourn time in steady state [1] . We assume that the arrival rate may occasionally exceed the service rate, implying that steady state is never reached. Sankaranarayanan, Delgado, van Ackere, and Larsen [13] and [12] suggest (2) to estimate a measure of the average sojourn time (W jt ) in a transient state.
where μ represents the service rate, which is assumed as fixed and identical for all facilities and λ jt is the arrival rate at each facility j at time t, which can vary depending on customers' decisions. Equation (2) , which is inspired by the behaviour of an M/M/1 system, satisfies the wellknown Little's Law [13] , but remains well defined when ρ ≥ 1 (Transient Analysis).
Delgado, van Ackere, Sankaranarayanan, and Larsen [18] differs from [12] and [13] in that [18] assume that customers consider both their expectations and the uncertainty of those expectations to decide which facility to patronize. Uncertainty is estimated using the error involved in the expectations which customers make about the sojourn time at the facilities. However, considering that M ijt+1 is updated using exponential smoothing, which assumes a weighted average of the two sources of evidence (M ijt and W ijt ), we use the concept of volatility forecasting [16] where γ is the expectations coefficient [16] . The logic behind the parameter γ is similar to that described above for α. In this case, this parameter refers to the updating process of the variance of customers' expectations instead of their expected sojourn times. In the same way that customers update their expectations of sojourn time, they update their estimate of the variance of the sojourn time for their most recently used facility and for that of their best performing neighbour.
Once the variance of expected sojourn time is known, uncertainty is estimated by the standard deviation s ijt . Customers consider this uncertainty and their expectations of sojourn time in order to form an upper bound for their expected sojourn time. The way customers take into account uncertainty depends on how risk-averse they are. We use R in order to define the customers' profile risk. The higher the value of R, the more risk-averse customers are. In this sense, an upper bound measure for the expected sojourn time, UbM ijt , is given by,
This upper bound is the measure on which customers base their decision of which facility to join the next period. Each period customers will patronize the facility with the lowest upper bound, i.e. customers update their state by choosing the queue with the lowest value of UbM ijt (c.f. (1)). In the rare case where two or more facilities are tied for the lowest upper bound of expected sojourn time, customers choose among these facilities, giving first preference to their previously chosen facility and second choice to the one previously used by their best performing neighbour. For more details about the model description and the assumptions made by the authors, refer to [12, 13, 18] III. RESULTS
In this section, we present a sensitivity analysis with respect to the risk-aversion parameter (R) and the expectation coefficients (α, γ). Fig. 1 illustrates how the average sojourn time of customers in the system varies depending on the value of these parameters. Each graph in Fig. 1 shows the average sojourn time of the system as a function of the expectation coefficient of the variance (γ) and the risk-aversion parameter (R), for a given expectation coefficient of expected sojourn time (α). The curves in each graph represent the average sojourn time for different values of the expectation coefficient of uncertainty (γ) depending on the risk level of customers (R, horizontal axis).
The system is set up with a population of 120 customers and 3 facilities. Each facility has a service rate of 5 customers per unit of time. Each customer is provided with an initial memory for both the expected sojourn time and the variance of this sojourn time for each facility. The initial expected sojourn times are allocated to customers randomly around the optimal average sojourn time, while the variance is initialized at zero.
The model was tested for different initial expected sojourn time (M ij0 ) allocated to the customers randomly. This allows us to identify that after 1000 periods the system starts to exhibit a certain stability, i.e. the variance of the sojourn time is less than 10% and the customers' behaviour over time can be described as a collective pattern, which is easily defined and characterized by their decisions. Hence, we have run the model over 1500 periods and the average sojourn time was computed over the last 500 period. The results in Fig. 1 are based on 1000 simulations of the model for each combination of the parameters α, γ, and R. The simulations for each combination of parameters were run using the same random seeds.
Before going in the sensitivity analysis, we define the main customer types in Table I We define conservative customers as those who give little weight to new information (i.e. Their or their neighbour's, most recent experience) to update their memory. The first graph of Fig. 1 (α = 0.1) illustrates the case where customers give more weight to new information than to the past when updating their expectations of sojourn times. In this case, customers with a very low level of risk-aversion (i.e. R close to 0) perform poorly, i.e. the system reaches high average sojourn times. On the contrary, a system, where customers are very risk-averse (i.e. R large), tends to perform better, i.e. the average sojourn time is lower.
TABLE I CUSTOMER TYPES DEFINED BY THE PARAMETER VALUES

Definition of customer types Parameters
Risk-neutral
As α increases, very risk-averse customers tend to perform increasingly worse (i.e. higher sojourn times).
Whatever the value of α, the maximum sojourn time is always achieved when customers update their perception of the variance more quickly (γ = 0.1), but the value of R (i.e. the risk-aversion parameter) for which this maximum occurs increases in α (i.e. the expectation coefficient to update the expected sojourn time).
When the expected sojourn time coefficient (α) is less than 0.3, very risk-averse customers tend to reach lower sojourn times (i.e. better performance). For values of α greatest than or equal to 0.5 (i.e. more conservative customers), less risk-averse customers perform better. In the extreme case where customers are very conservative regarding their expectations of sojourn time (α = 0.9) the average sojourn time achieved by customers with low risk-aversion is close to the Nash Equilibrium, which is equal to 1.8 periods. The system achieves such an equilibrium only when an equal number of customers patronize the three facilities over time. Nash is the optimal behaviour the system could achieve. However, the best performance, which the system achieves, yields a sojourn time a little higher than Nash. This performance occurs when the system is set up with customers characterized as:
• Very conservative to update their expectations of sojourn time (i.e. α = 0.9), • Rather conservative to update their expectations of variance (i.e. γ ≥ 0.5), and • They have lower risk-aversion level (i.e. R є [0.1, 0.3]).
Next, let us consider the impact of the coefficient of expectations to update variance (γ). Customers who are conservative regarding the variance and have an intermediate level of risk-aversion perform well as long as the parameter α remains above 0.3. This is particularly the case when the parameters α and γ are very high (i.e. α and γ = 0.9, which means that customers are reluctant to consider new information to update their expectations). Very risk-averse customers perform more poorly when they are conservative as regards the variance (γ large) and less conservative regarding their expected sojourn times (α low). The lower γ, the spikier the behaviour of the average sojourn time is as a function of risk-aversion (R).
IV. CONCLUSION AND FUTURE WORK
We have applied a one-dimensional cellular automata model to analyze how customers, who patronize a system of service facilities, interact with their neighbours in order to choose the facility with the minimum upper bound of customers' expected sojourn times. Customers compute their upper bound using their expected sojourn time, their estimate of the uncertainty concerning this expectation and their risk-aversion parameter. They estimate their expected sojourn times and level of uncertainty by applying adaptive expectations.
The model has been simulated for different combinations of parameters which characterize customers. These simulations showed that very riskaverse customers experience low sojourn times (i.e. good performance) when they give significant weight to the most recent experience to update their memory regarding expected sojourn time (i.e. α is small). Moreover, they achieve their best performance when they update their perception of the variance more slowly. If these very riskaverse customers are reluctant to take into account new information to update their expectations of sojourn time, they will experience higher sojourn times.
As far as customers with an intermediate riskaversion level are concerned, they perform better when they update their expectations slowly (both the expected sojourn time and the variance).
Finally, both risk-neutral customers and those with low risk-aversion achieve their best performance when they give little attention to the most recent experience when updating their expected sojourn times.
Future research will include allowing for different levels of reactivity depending on the source of the information, i.e. customers will have different expectation coefficients when updating expectations based on their own experience or that of their neighbours. We will also allow for heterogeneous customers. In particular, we will consider customers with different degrees of risk-aversion (R) and/or different levels of reactivity (α, γ). Another interesting aspect would be to make the service rate endogenous, i.e. the manager would be able to adjust the service capacity of the facilities depending on the customers' behaviour.
